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Introduction
For every positive integer n, the q-integer [n] q is the polynomial [n] q = 1 + q + q 2 + · · · + q n−1 and define [0] q = 0. These polynomials appear in many contexts such as in quantum calculus Kac and Cheung (2001) , and quantum groups Kassel (2012) .
From the fact that [m + n] q = [m] q + q m [n] q for all positive integers m and n, Nathanson (2007) defined the linear addition rule for q-integers by were also studied. The solution of this euqation are defined by f n (q) = [n] q f 1 (q).
From two observations that [m + n] q = [m] q + [n] q + (q − 1) [m] q [n] q and that [m + n] q = [m] q +[n] q +(q−1) [m] q [n] q for all positive integers m and n, Kontorovich and Nathanson (2006) defined two non-linear addition rules for q-integers, respectively, by
for all positive integers m and n. These give the corresponding two functional equations on a sequence of polynomials {f n (q)} ∞ n=1 , given by
whose solutions are defined, respectively, by
Moreover, Nathanson (2003) defined the multiplication rule for q-integers and considered the associated polynomial functional equation. Many articles contained solutions of the multiplicative functional equations, for examples Nguyen (2013 Nguyen ( , 2012 Nguyen ( , 2010a ; Nathanson (2004) .
In this paper, we consider an addition rule for three q-integers which is a mixed type of linear addition rule and the first kind of quadratic addition rule, given by
for all positive integers m, n, k, or equivalently,
Furthermore, we shall compute the solution of the functional equation
Quadratic addition rules
For every sequences of polynomials
, define an addition rule for three q-integers by
This is called the first kind of quadratic addition rule for three q-integers, if
for all positive integers m, n and k.
Theorem 1. For every sequence of constants
Proof. Let ⊕ A,T ,U ,V be the first kind of quadratic addition rule for three q-integers. Thus
for all positive integers m, n, k. For all positive integers m and n, we have
Subtracting, we obtain
it follows that v m (q) = q m+1 − u m (q) for all m. Now, the equation (1) can be expanded to
for all positive integers m, n, k. For all positive integers m, we obtain
From this fact, we can show that
and so that
Then, u m (q) = q m + (1 − a m ) [m] q and v m (q) = q m (q − 1) + (a m − 1) [m] q . By replacing u m (q) and v m (q) in (1),
Therefore a m = 1, and hence t m (q) = u m (q) = q m , v m (q) = q m (q − 1) for all positive integers m.
Theorem 2. For every sequences of polynomials
, if there exists a positive integer m such that the degree of a polynomial s m (q) is greater than 2, then ⊕ S,T ,U ,V is not the first kind of quadratic addition rule for three q-integers.
Proof. Suppose that deg s m (q) > 2 for some positive integer m ≥ 1, and that ⊕ S,T ,U ,V is the first kind of quadratic addition rule for three q-integers. Then
for all positive integers m, n, k. In the proof of Theorem 1, it is easy to see that 
In the case of m < n + k − 1, we have
Zero identity
For every double sequence of polynomial R = r ′ m,n (q) ∞ m,n=1 , and sequences of polynomials
This is called the first kind of quadratic zero identity for three q-integers, if
Theorem 3. For every double sequence of polynomial
≡ v, respectively, the ⊕ R, U S, VT ,W is the first kind of quadratic zero identity for three q-integers if and only if
for some initial polynomials s(q), t(q), and two sequences of polynomials {r 1,k (q)} ∞ k=1 , {r n,1 (q)} ∞ n=1 with a common intitial polynomial r(q) = r 1,1 (q).
Proof. Let ⊕ R, U S, VT ,W be the first kind of quadratic zero identity for three qintegers. Thus
for all positive integers m, n, k. Choose r(q) = r ′ 1,1 (q), s(q) = s ′ 1 (q) and t(q) = t ′ 1 (q) from the initial polynomails of the sequences R, S, T , respectively. For m = 1, set w(q) = w ′ 1 (q), we have that for all positive integers n and k,
For m = 1 and n = 1, choose r 1,k (q) = r ′ 1,k (q), we obtain
so that for all k ≥ 1,
For m = 1 and k = 1, choose r n,1 (q) = r ′ n,1 (q), we also obtain r n,1 (q) [1] 
[n] q [1] q = 0, and so that for all n ≥ 1,
Replacing (4) and (5) in (3), we can see that for all positive integers n and k,
Polynomial functional equations
In this section, we shall compute the solution of functional equations for a sequence of polynomials {f n (q)} ∞ n=1 associated to the first kind of quadratic addition rules:
for all positive integers m, n and k. This functional equation always has the trivial solutions f n (q) = [n] q for all n ≥ 1, and f n (q) ≡ 0 for all positive integers n.
Theorem 4. The polynomial functional equation (8) has only trivial solutions.
Proof. Suppose that the solution of (8) are given by f n (q) = h(q) [n] q for some polynomial h(q). Then
So, that 0 = q n (q − 1) h 2 (q) − h(q) [1] q [1] q , and that 0 = h 2 (q) − h(q). Hence, either h(q) ≡ 0 or h(q) ≡ 1. This completes the proof.
The second kind of quadratic addition rules
The functional equation for a sequence of polynomials {f n (q)} ∞ n=1 is given by f m+n (q) = f m (q) + q m f n (q) (linear functional eq.) f m+n (q) = f m (q) + f n (q) + (q − 1) f m (q)f n (q) (quadratic functional eq. I) f m+n (q) = q n f m (q) + q m f n (q) + (1 − q)f m (q)f n (q) (quadratic functional eq. II)
